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POWERFUL 3-ENGEL GROUPS

IKER DE LAS HERAS, MARIALAURA NOCE, AND GUNNAR TRAUSTASON

Abstract. In this paper we study powerful 3-Engel groups. In particular, we find sharp
upper bounds for the nilpotency class of powerful 3-Engel groups and the subclass of
powerful metabelian 3-Engel groups.

1. Introduction

Let n be a positive integer. A group G is said to be an n-Engel group if for all x, y ∈ G
we have [[y, x], n. . . , x] = 1. It is a long-standing question whether a finitely generated n-
Engel group is nilpotent. By Wilson [12], a finite r-generator n-Engel group is nilpotent
of (n, r)-bounded class and hence any finitely generated residually finite n-Engel group
is nilpotent. Whereas the class of a finite n-Engel groups depends on the number of
generators when n ≥ 3, the situation is different if we furthermore assume that G is a
powerful p-group.

Recall that a finite p-group G is powerful if [G,G] ≤ Gp, when p is odd, and [G,G] ≤ G4,
when p = 2. The reason why the nilpotency class of a powerful n-Engel group is only
bounded in n comes from a well known theorem of Burns and Medvedev [1], according
to which there exist positive integers m and k only depending on n such that any finite
n-Engel group satisfies γm(G)k = 1.

Let G be a powerful m-Engel p-group. It is a well known property of powerful p-groups

that γm+l(G) ≤ γm(G)p
l

. Thus if we take m = m(n) and k = k(n) as in the theorem of
Burns and Medvedev, then picking l such that pl ≥ k for all p we see that every powerful
n-Engel p-group is nilpotent of class at most c = m + l − 1. Notice that the class is
bounded only by n and not by r or p.

In [7] and [10] it is shown that the best upper bound for the nilpotency class of powerful
2-Engel groups is 3. In this case we get the same upper bound as holds for 2-Engel groups
in general. It is though interesting to note that it is shown that every powerful 3-generator
2-Engel group is nilpotent of class at most 2 and thus satisfies the law [x, y, z] = 1. This
may seem counter intuitive but one should remember that the class of powerful p-groups
is not closed under taking subgroups.

In this paper we will turn our focus on powerful 3-Engel groups. The latter and, more
precisely, the behaviour of 3-Engel elements in groups has been developed and studied
recently [4, 6, 9, 11].

We now describe our main results. We start with a general result on powerful n-Engel
groups. Note that every powerful group G of rank 2 has a cyclic derived subgroup. In
such a case, if G is also n-Engel, we show that the nilpotency class of G can be at most
n.

Theorem 1.1. Let n ≥ 1 and let G be an n-Engel group with cyclic derived subgroup.
Then the nilpotency class of G is at most n. Moreover, this bound is best possible.
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Remark 1.2. If G is a 2-generator non-powerful 3-Engel p-group, then its derived sub-
group need not be cyclic. In that case the nilpotency class of G is at most 3 if p is odd
and 4 if p = 2 (this was shown in [5] and it is summed up in Theorem 2.1 of [3]). These
bounds are also best possible.

Our main result is determining the best upper bound for the nilpotency class of powerful
3-Engel groups. From [3] we know that every 3-Engel group satisfies γ5(G)20 = 1, and
thus γ5(G) = 1 when G is a p-group with p 6= 2, 5, γ5(G)5 = 1 when p = 5 and γ5(G)4 = 1
when p = 2. From the general analysis above we thus know that when G is furthermore
powerful then γ6(G) = 1. We will show that 5 is the best upper bound for the nilpotency
class. The following theorem gives a more detailed analysis.

Theorem 1.3. Let G be a powerful 3-Engel p-group. If p 6= 2, 5, then G is nilpotent of
class at most 4. Furthermore, if G has rank r ≥ 3, then:

(i) If r = 3, then the nilpotency class of G is at most 3;
(ii) If r ≥ 4, then the nilpotency class of G is at most 4.

If p = 2 or 5, then G is nilpotent of class at most 5. Furthermore:

(iii) If r = 3 and p = 5, then the nilpotency class of G is at most 3;
(iv) If r = 3 and p = 2, then the nilpotency class of G is at most 4;
(v) If 4 ≤ r ≤ 5, then the nilpotency class of G is at most 4;
(vi) If r ≥ 14, then the nilpotency class of G is at most 5.

Moreover, these upper bounds are best possible.

Remark 1.4. For 6 ≤ r ≤ 13, we only know that the best upper bound for the class is
4 or 5.

Finally, when we furthermore know that G is metabelian then we can get the following
result.

Theorem 1.5. Let G be a powerful metabelian 3-Engel p-group of rank r ≥ 3. If p is
odd, then the nilpotency class of G is at most 3. If p = 2, then the nilpotency class of G
is at most 4. Moreover, these upper bounds are best possible.

Remark 1.6. In Theorem 1.5, if p is odd or if r = 3, then the assumption that G is
powerful is not necessary, as shown in Theorem 3.2 and Lemma 3.4.

Notation and organisation. Our notation is mostly standard. For a group G and elements
x, y ∈ G, the commutator of x and y is the element [x, y] = x−1y−1xy. We use left-
normed notation for commutators of length ≥ 3 (for example, [x, y, z] = [[x, y], z]). A
commutator of length n ∈ N in a subset X ⊆ G is a commutator of the form [x1, . . . , xn],
where x1, . . . , xn ∈ X. We denote the derive subgroup of G by G′.

The paper is organized as follows. In Section 2 we will recall and develop some useful
tools about commutators in 3-Engel groups. In Section 3, we prove Theorem 1.5 which
gives a bound for the nilpotency class of a powerful metabelian 3-Engel group. In Section
4 we establish Theorem 1.3(i), (iii) and (iv) for powerful 3-Engel groups of rank 3. Finally,
in Section 5, we complete the proof of Theorem 1.3 and, as a consequence, the description
of the nilpotency class of powerful 3-Engel groups.

2. Preliminaries

Throughout the paper, the following identities due to Gupta and Newman [3] will have
a prominent role.

Lemma 2.1 (Gupta and Newman [3, Lemma 2.2]). Let G be a 3-Engel group and let
a, b, c ∈ G. Then, modulo γ5(G), we have the following relations:
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(i) [c, a, a, b][c, a, b, a][c, b, a, a][c, a, b, b][c, b, a, b][c, b, b, a] ≡ 1;
(ii) [c, a, a, b]2[c, a, b, a]2[c, b, a, a]2 ≡ 1;
(iii) [b, a, a, c] ≡ [c, b, a, a]−3[c, a, a, b]−3;
(iv) [c, a, a, b]4[c, b, a, a]6 ≡ 1;
(v) [c, b, a, a]2 ≡ [c, a, b, a]4.

Lemma 2.2 (Gupta and Newman [3, Lemma 2.3]). Let G be a 3-Engel group and let
a, b, c ∈ G. Let also w1 = [c, a, a, b, b], w2 = [c, a, b, a, b], w3 = [c, a, b, b, a], w4 =
[c, b, a, a, b], w5 = [c, b, a, b, a] and w6 = [c, b, b, a, a]. Then, modulo γ6(G), we have the
following relations:

(i) [c, a, b, a, a] ≡ 1;
(ii) [c, a, a, b, a] ≡ 1;
(iii) w3 ≡ w4 ≡ w−1

1 w−1
2 , w2 ≡ w5, w1 ≡ w6;

(iv) [b, a, a, b, c] ≡ 1;
(v) w2 ≡ w3

1, w3 ≡ w−4
1 ;

(vi) w10
1 ≡ 1.

The following well-known lemma will be useful throughout the paper.

Lemma 2.3. Let G be a group, and let x1, . . . , xn, y ∈ G. Then,

[x1, . . . , xn, y] ∈ 〈[y, xσ(1), . . . , xσ(n)] | σ ∈ Sn〉γn+2(G),

where Sn is the symmetric group of degree n.

3. Powerful 3-Engel metabelian groups

This section is devoted to study powerful 3-Engel metabelian groups. We start by
proving our first main result for n-Engel groups with cyclic derived subgroups.

Proof of Theorem 1.1. Let G = 〈x1, . . . , xr〉 and G′ = 〈y〉, where r ≥ 2. For 1 ≤ i < j ≤ r
and 1 ≤ k ≤ r, write

(1) [xi, xj ] = yp
γ(i,j)δ(i,j) and [y, xk] = yp

α(k)β(k),

where γ(i, j), α(k) ≥ 0 and p does not divide δ(i, j) and β(k). We assume γn+2(G) = 1,
and claim that

[xi1 , . . . , xin+1 ] = 1

for any 1 ≤ i1, . . . , in+1 ≤ r. The relations in (1) give

(2) [xi1 , . . . , xin+1 ] = yp
γ(i1,i2)+α(i3)+···+α(in+1)δ(i1,i2)β(i3)···β(in+1).

Let 1 ≤ j ≤ n be such that α(ij) = min{α(i1), α(i2), . . . , α(in+1)}. We will distinguish
two cases in turn: j ∈ {1, 2} and j ≥ 3.

Suppose first j = 1. Since the group G is n-Engel, it follows that

1 = [xi2 , xi1 ,
n. . ., xi1 ] = y−pγ(i1,i2)+(n−1)α(i1)δ(i1,i2)β(i1)n−1

,

so that yp
γ(i1,i2)+(n−1)α(i1) = 1. Since (n− 1)α(i1) ≤ α(i3) + · · ·+ α(in+1), we deduce that

[xi1 , . . . , xin+1 ] = 1, as claimed. If j = 2, then [xi1 , . . . , xin+1 ] = [xi2 , xi1 , . . . , xin+1 ]
−1,

which follows from the case j = 1.
Now, suppose j ≥ 3. It immediately follows from (2) that

(3) [xi1 , . . . , xin+1 ] = [xi1 , xi2 , xiσ(1)+2
, . . . , xiσ(n−1)+2

]

for any σ ∈ Sn−1, so we may further assume that j = 3. Now, since γn+2(G) = 1, the
Hall-Witt identity gives

[xi1 , xi2 , xi3 , . . . , xin+1 ] = [xi3 , xi2 , xi1 , . . . , xin+1 ][xi3 , xi1 , xi2 , . . . , xin+1 ]
−1,

and the result follows from the previous case.
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This bound cannot be further sharpened due to Example 3.1 below. �

Example 3.1. Let p be either an odd prime or 4, and define G = 〈a, b | [a, b] = ap, ap
n
=

bp
n−1

= 1〉. ThenG is a powerful n-Engel group with cyclic derived subgroup of nilpotency
class n.

If the derived subgroup of our 3-Engel group G is not cyclic, then the search of best
upper bounds for the nilpotency class of G is much more involved. However, the following
result due to Gupta and Newman gives some insights for the structure of G when G′ is
abelian.

Theorem 3.2 (Gupta and Newman [2]). Let G be a metabelian 3-Engel group. Then
we have

γ4(G)16 = γ5(G)2 = 1.

As a direct consequence of this theorem, if G is a 3-Engel metabelian p-group, then it
is nilpotent of class at most 3 unless p = 2. This bound is clearly best possible, as all
groups of nilpotency class 3 are 3-Engel. The study of the nilpotency class of metabelian
3-Engel powerful groups will be then reduced to the case p = 2. In such a case, we have

γ6(G) = [γ5(G), G] ≤ γ5(G)4 = 1,

where the last inequality holds by Shalev’s Interchange Lemma [8]. Therefore, the nilpo-
tency class of G can be at most 5. As we show in Theorem 1.5, this bound can be further
improved. Before proving it, we need the following lemma.

Lemma 3.3. Let G be a metabelian 3-Engel 2-group. Then for all a, b, c, d ∈ G we have

[a, b, c, d]2[a, c, b, d]2[a, d, c, b]2 ∈ γ5(G).

Proof. We may assume γ5(G) = 1. Then, Lemma 2.1(i) yields

1 = [a, bc, bc, d]2[a, d, bc, bc][a, bc, d, d][a, d, d, bc]2 .

Expanding the commutators and applying Lemma 2.1(i) again, we obtain

1 =[a, b, b, d]2[a, d, b, b][a, b, d, d][a, d, d, b]2 [a, c, c, d]2[a, d, c, c][a, c, d, d][a, d, d, c]2

[a, b, c, d]2[a, c, b, d]2[a, d, b, c][a, d, c, b] = [a, b, c, d]2[a, c, b, d]2[a, d, c, b]2,

as desired. �

Proof of Theorem 1.5. By Theorem 3.2, we only need to show the result for p = 2.
Therefore, since G is powerful, we can find generators x1, . . . , xn of G such that G′ =
〈x4α1

1 , . . . , x4αk

k 〉, with 1 ≤ k ≤ n, and α1, . . . , αk ∈ Z. Also, we can assume k > 1 by

Theorem 1.1. Thus, it suffices to show that [x4αi

i , a, b, c] = 1 for all a, b, c,∈ G. For that
purpose, we may assume γ5(G)2 = γ6(G) = 1, so by the Hall-Petresco identity, we obtain

[x4αi

i , a, b, c] = [xi, a, b, c]
4αi

for all 1 ≤ i ≤ k. Now, from Lemma 3.3, we deduce

[xi, a, b, c]
4αi = ([a, xi, b, c]

2)−2αi

= ([a, b, xi, c]
−2[a, c, b, xi]

−2g)−2αi

= [a, b, xi, c]
4αi [a, c, b, xi]

4αi

for some g ∈ γ5(G). Since, again by the Hall-Petresco identity,

[a, b, xi, c]
4αi [a, c, b, xi]

4αi = [a, b, x4αi

i , c][a, c, b, x4αi

i ] = 1,

the theorem follows. �
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As pointed out in Remark 1.6, we now show that the upper bound obtained for the
nilpotency class of powerful 3-Engel metabelian 2-groups remains the same when the rank
of G is 3, even if we relax the condition that G is powerful.

Lemma 3.4. Let G = 〈a, b, c〉 be a metabelian 3-Engel 2-group. Then γ5(G) = 1.

Proof. We are going to show that all commutators of length 5 in {a, b, c} are trivial. Since
G is 3-Engel, Lemma 2.2 already shows that any commutator with a triple entry is trivial.
Therefore, by Lemma 2.3, and since G is metabelian, it remains to show that commutators
of the form [x, y, y, z, z] with x, y, z ∈ {a, b, c} are trivial. Since [x, y, y, z, z] = [x, y, z, z, y],
and, additionally, by Lemma 2.2, we have [x, y, z, z, y] = [x, y, y, z, z]−4, it follows that
[x, y, y, z, z]5 = 1. Since G is a 2-group, the result follows. �

We end this section by noting that this bound is best possible, as the following example
shows.

Example 3.5. Let p = 2 and let G = 〈a, b, c〉 be a group with the following presentation:

[a, b] = a−p5 , [a, c] = b3p
6
ap

4
, [b, c] = bp

7
ap

2
,

[ap
2
, bp

6
] = 1, [ap

2
, b] = a−p7 , [ap

2
, c] = a−p2b3p

8
a17p

2
,

[bp
6
, a] = ap

11
, [bp

6
, c] = ap

8
,

ap
12

= 1, bp
11

= 1, cp
10

= 1.

Then, G is a powerful 3-Engel 2-group of nilpotency class 4.

4. Powerful 3-Engel groups of rank 3

The aim of this section is proving Theorem 1.3(i), (iii) and (iv). For that purpose, let
G be a

(4) powerful 3-Engel p-group such that

{

γ5(G) = γ4(G)p = 1 if p 6= 2

γ6(G) = γ5(G)2 = 1 if p = 2.

We will fix for the rest of the section a, b, c ∈ G and i, j, k ∈ N with i ≤ j ≤ k such that

G = 〈a, b, c〉 and G′ = 〈ap
i

, bp
j

, cp
k

〉. Also, since G is powerful, let r, s, t, u, v, w, α, β, γ ∈ Z

be such that

(5) [a, b] = arp
i

bsp
j

ctp
k

, [c, a] = aup
i

bvp
j

cwpk , [c, b] = aαp
i

bβp
j

cγp
k

.

The following remark will be frequently used.

Remark 4.1. Suppose that γn(G)p = γn+1(G) = 1 for some n ≥ 2. If xp
i
∈ G′ for some

x ∈ G and i ≥ 0, then

1 = [xp
i

, y1, . . ., yn−2]
p = [x, y1, . . . , yn−2]

pi+1

for all y1, . . . , yn−2 ∈ G.

First we will establish Theorem 1.3(i) and (iii), i.e., we will show that for G as in (4)
with p 6= 2, we have γ4(G) = 1. For that purpose, we first need the following two lemmas.

Lemma 4.2. Let G be as in (4) with p 6= 2. If i < j ≤ k, then γ4(G) = 1.

Proof. By [3, Lemma 2.1], commutators of length 4 in {a, b, c} with only two different
entries are all trivial. We focus, then, on commutators of length 4 in {a, b, c} with 3
different entries.

Observe that

[x, y, a, z] = [aσ1pibσ2pjcσ3pk , a, z] = [a, b, z]−σ2pj [a, c, z]−σ3pk

for every x, y, z ∈ G, where σ1, σ2, σ3 ∈ Z. Since i < j, k and n = 4, it follows from
Remark 4.1 that [x, y, a, z] = 1, so that all commutators of length 4 with a in the third
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entry are trivial. In particular, [c, b, a, b], [c, b, a, a], and [b, c, a, c] are trivial, and so, from
(iv) and (v) of Lemma 2.1, it follows that all the possible combinations with a, b and c
produce trivial commutators, as desired. �

Lemma 4.3. Let G be as in (4) with p 6= 2. If i = j < k, then γ4(G) = 1.

Proof. By [3, Lemma 2.1], commutators of length 4 in {a, b, c} with only two different
entries are all trivial.

Let us suppose first that all commutators of length 4 in {a, b, c} with exactly one entry
in c are trivial. Then, by (iv) and (v) of Lemma 2.1, we only need to show that one of
[c, a, b, c], [c, b, a, c] or [a, b, c, c] is trivial. Following the notation in (5), we have

[c, a, b, c] = [a, b, c]up
i

[b, c, c]−wpk = [a, b, c]up
i

,(6)

[c, b, a, c] = [b, a, c]βp
i

[a, c, c]−γpk = [b, a, c]βp
i

,(7)

[a, b, c, c] = [a, c, c]rp
i

[b, c, c]sp
i

,(8)

where [b, c, c]−wpk = [a, c, c]−γpk = 1 by Remark 4.1 and k > i. Note that, similarly, we
have

1 = [a, b, b, c] = [a, b, c]rp
i

[c, b, c]tp
k

= [a, b, c]rp
i

,

1 = [a, b, a, c] = [b, a, c]sp
i

[c, a, c]tp
k

= [b, a, c]sp
i

.

Thus, if p 6 | r or p 6 | s, then [a, b, c]p
i
= 1 or [b, a, c]p

i
= 1, and so (6) or (7) is trivial,

respectively. We hence may assume that p divides both r and s, but then (8) is trivial by
Remark 4.1, as desired.

Remove now the assumption that all commutators of length 4 in {a, b, c} with exactly
one entry in c are trivial. By Lemma 2.3, we only need to show that commutators of the
form [c, x, y, z], where x, z, y ∈ {a, b}, are trivial. Also, we will only consider commutators
of length 4 with 2 entries in a. That commutators with 2 entries in b are also trivial

will follow by a symmetric argument. Note, by Remark 4.1, that [c, x, y]p
k

= 1 for every
x, y ∈ G. We will use this fact without special mention. Keeping also in mind the notation
in (5), we distinguish between the following different cases.

Case 1: p 6 | r. Then 1 = [a, b, b, a] = [a, b, a]rp
i
, and so [a, b, a]p

i
= 1. Now, [c, b, a, a] =

[b, a, a]βp
i

= 1, and thus [c, a, b, a] = [c, a, a, b] = 1 by Lemma 2.1(iv) and (v).

Case 2: p 6 | s. Then 1 = [a, b, a, a] = [b, a, a]sp
i

, and so [b, a, a]p
i

= 1. Therefore,

[c, a, b, a] = [a, b, a]up
i
= 1, and we conclude again by Lemma 2.1 that γ4(G) = 1.

Case 3: p|r, p|s. Then, by Remark 4.1, [a, b, c, a] = [a, c, a]rp
i

[b, c, a]sp
j

≤ γ4(G)p = 1. As
a consequence, [c, b, a, a] = [c, a, b, a] = [c, a, a, b] = 1 by Lemma 2.1(iv) and (v). �

The previous two lemmas immediately imply that, for G as in the statements, if G′ can
be generated by 2 elements, then γ4(G) = 1. Indeed, in such a case, there exist generators

a, b, c such that G′ = 〈ap
i
, bp

j
〉, and we may choose k as big as we want. The following

theorem establishes the result for the general case (with p 6= 2) when G′ is 3-generator,
settling 1.3(i) and (iii).

Theorem 4.4. Let G be as in (4) with p 6= 2. Then γ4(G) = 1.

Proof. By Lemmas 4.2 and 4.3 we may assume that i = j = k. We will show that all
commutators of length 4 in {a, b, c} are trivial. As before, commutators with only two
different entries are all trivial, so we only consider commutators with 3 different entries.
We claim that commutators of length 4 with exactly two entries of a are trivial. Then,
a completely symmetric argument can show that commutators with two entries in b or
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c are also trivial, so we will be done. Note that by Lemma 2.3 it suffices to consider
commutators where c is in the first entry. As a matter of fact, since p 6= 2, we will just
show that one of [c, b, a, a] or [c, a, b, a] is trivial, and then conclude from Lemma 2.1(iv)
and (v) that γ4(G) = 1. We follow the notation in (5) and distinguish between several
cases depending on whether p divides u, v or w.

Case 1: p|w. Then we have 1 = [c, a, a, a] = [b, a, a]vp
i
, [c, a, b, a] = [a, b, a]up

i
and

[c, a, a, b] = [b, a, b]vp
i

by Remark 4.1. We consider further subcases.

Case 1.1: p|u. Then we have [c, a, b, a] = 1.

Case 1.2: p 6 | v. Then [b, a, a]p
i
= 1, so [c, a, b, a] = 1.

Case 1.3: p 6 | u, p|v. In this case [c, a, a, b] = 1, so if p 6= 3 we finish the argument

as before by Lemma 2.1(iv). Assume then p = 3. Note that 1 = [c, a, c, a] = [a, c, a]up
i
,

and since p 6 | u we obtain [a, c, a]p
i
= 1. If p|β, then [c, b, a, a] = [c, a, a]γp

i
= 1 and we

are done. If p 6 | β, then observe from Lemma 2.1(iv) that 1 = [c, b, c, a] = [b, c, a]βp
i
, so

[a, b, c, a] = [b, c, a]sp
i
= 1. Lemma 2.1(v) gives now [c, b, a, a] = 1, as desired.

Case 2: p 6 | w.

Case 2.1: p|u, p 6 | v. Then 1 = [c, a, c, a] = [b, c, a]vp
i

, so [b, c, a]p
i

= 1. Hence,

[c, a, b, a] = [a, b, a]up
i
[c, b, a]wpi = 1.

Case 2.2: p 6 | u, p|v. Observe that 1 = [c, a, c, a] = [a, c, a]up
i
which implies that

[a, c, a]p
i

= 1. Now, if p 6 | s, then 1 = [a, b, a, a] = [b, a, a]sp
i

implies [b, a, a]p
i

= 1.

Thus, [c, b, a, a] = [b, a, a]βp
i
[c, a, a]γp

i
= 1, and we are done. If p|s, then [a, b, c, a] =

[a, c, a]rp
i
[b, c, a]sp

i
= 1, and we conclude from Lemma 2.1(v) that γ4(G) = 1.

Case 2.3: p|u, p|v, p 6= 3. Then 1 = [c, a, a, a] = [c, a, a]wpi , so [c, a, a]p
i
= 1. Therefore

1 = [a, b, a, a] = [b, a, a]sp
i

[c, a, a]tp
i

= [b, a, a]sp
i

.

Now, if p 6 | s, then [b, a, a]p
i
= 1, so [c, b, a, a] = [b, a, a]βp

i
[c, a, a]γp

i
= 1 and we are

done.
If p|s but p 6 | t, then 1 = [a, b, a, b] = [b, a, b]sp

i
[c, a, b]tp

i
= [c, a, b]tp

i
, so [c, a, b]p

i
= 1.

Thus, [c, a, a, b] = [c, a, b]wpi = 1, and since p 6= 3, we finish by Lemma 2.1(iv).

If p|s, p|t but p 6 | r, then 1 = [a, b, b, a] = [a, b, a]rp
i

, so [a, b, a]p
i

= 1, and therefore,

[c, b, a, a] = [b, a, a]βp
i
[c, a, a]γp

i
= 1.

Finally, if p|s, p|t and p|r, then it follows that [a, b] ∈ (G′)p, and so G′ can be generated
by two elements. The result follows then from the discussion after Lemma 4.3.

Case 2.4: p|u, p|v, p = 3. As in the previous case, we have [c, a, a]p
i

= 1. Now, since

p = 3, Lemma 2.1(iv) yields 1 = [c, b, c, a] = [a, c, a]αp
i
[b, c, a]βp

i
= [b, c, a]βp

i
.

If p 6 | β, then [b, c, a]p
i

= 1, and so [c, a, b, a] = [a, b, a]up
i

[c, b, a]wpi = 1. If p|β, then

[c, b, a, a] = [b, a, a]βp
i
[c, a, a]γp

i
= 1.

Case 2.5: p 6 | u, p 6 | v. Then 1 = [c, a, a, a] = [b, a, a]vp
i
[c, a, a]wpi , so that [a, b, a]vp

i
=

[a, c, a]−wpi . Similarly, 1 = [c, a, c, a] = [a, c, a]up
i
[b, c, a]vp

i
, so that [c, b, a]vp

i
= [a, c, a]up

i
.

Now,

[c, a, b, a]v = [a, b, a]vup
i

[c, b, a]vwpi = [a, c, a]−uwpi [a, c, a]uwpi = 1,

and we finish the proof. �

The bound for the nilpotency class of G in Theorem 4.4 is clearly best possible, since
every nilpotent group of class 3 is 3-Engel. We conclude this section by proving Theorem
1.3(iv).
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Theorem 4.5. Let G be as in (4) with p = 2. Then γ5(G) = 1.

Proof. From Lemma 2.2, every commutator of length 5 such that 3 of its entries are equal
is trivial. Also, from Lemma 2.3, we may only consider commutators whose non repeated
entry is in the first position. We claim that all commutators of length 5 with c in the first
entry and 2 entries of a and b are trivial. Then, a completely symmetric argument will
complete the proof.

Following the notation in (5), we have [c, a, a, b, b] = [c, a, b, b]w2k , so if p|w, then
[c, a, a, b, b] = 1 by Remark 4.1, and the claim follows from Lemma 2.2(iii) and (v).

If p 6 | w, note that 1 = [c, a, a, b, a] = [b, a, b, a]v2
j
[c, a, b, a]w2k and that [b, a, b, a]2 = 1

by [3, Theorem 2.1]. Hence [c, a, b, a]2
k
= 1, so that [c, b, a, b, a] = [c, a, b, a]γ2

k
= 1, and

the result follows again by Lemma 2.2. �

Note that the upper bound in Theorem 4.5 is best possible by Example 3.5.

5. Powerful 3-Engel groups of rank greater than 3 and the proof of
Theorem 1.3

The following theorem due to Gupta and Newman, together with Examples 5.2 and
5.3 after it, establish Theorem 1.3(ii).

Theorem 5.1 (Gupta and Newman [3, Theorem 4.4]). Let G be a 3-Engel group. Then,
γ5(G)20 = 1.

Example 5.2. Let p = 3 and let G = 〈a, b, c, d〉 be a group with the following presenta-
tion:

[b, c] = b2p
2
, [b, d] = ap, [c, d] = dp

2
,

[a, b] = 1, [a, c] = ap
2
c−p4 , [a, d] = cp

2
,

ap
5
= 1, bp

6
= 1 cp

6
= 1, dp

4
= 1.

Then G is a powerful 3-Engel 3-group of nilpotency class 4.

Example 5.3. Let p > 3 and let G = 〈a, b, c, d〉 be a group with the following presenta-
tion:

[b, c] = cp
4
, [b, d] = bp

3
, [c, d] = ap,

[a, b] = a−p4cp
6
, [a, c] = 1, [a, d] = aαp

3
cγp

5
,,

cp
9
= a−3p7 , ap

9
= 1, bp

9
= 1, cp

11
= 1, dp

8
= 1,

with α = −5r, γ = −11s, where r and s are taken such that 3r ≡ 1 (mod p9) and 9s ≡ 1
(mod p11). Then G is a powerful 3-Engel p-group of nilpotency class 4.

Note that Theorem 5.1 shows that γ5(G) = 1 if p 6∈ {2, 5}. The following result shows
that the same is true even if the prime is 2 or 5, as long as the rank of the group is small.
This proves Theorem 1.3(v).

Theorem 5.4. Let G be a powerful 3-Engel p-group of rank at most 5. Then γ5(G) = 1.

Proof. The result follows immediately from Theorem 5.1 if p 6= 2, 5, so let p ∈ {2, 5}. We
assume γ6(G) = γ5(G)p = 1, and we first claim that [c, a, a, b, b] = 1 for every a, b, c ∈ G.
Fix thus a, b, c ∈ G and consider the subgroup

H = 〈[c, a, a], [c, b, b], [c, a, b], [c, b, a], [a, b, b], [b, a, a]〉.
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Since G is powerful of rank 5, the rank of H is at most 5, and since γ3(G)p ≤ Z2(G),
there exist α, β, γ, δ, ǫ, ζ ∈ Fp not all equal to zero such that

[c, a, a]α[c, b, b]β [c, a, b]γ [c, b, a]δ [b, a, a]ǫ[a, b, b]ζ ≡ 1 (mod Z2(G)).

If α 6= 0, then [c, a, a] can be written as a product of the rest of commutators modulo
Z2(G), and since commutators of length 5 with three repeated entries are trivial by Lemma
2.2(i) and (ii), it follows that [c, a, a, b, b] = 1. We may assume then that α = 0, and by
Lemma 2.2(iii), we can repeat the same argument with [c, b, b] and assume β = 0.

Now, if p = 2, then Lemma 2.2(v) yields [c, b, a, a, b] = 1, and so, if γ 6= 0, it then follows
that [c, a, b, a, b] = 1. Thus, Lemma 2.2(v) gives [c, a, a, b, b] = 1, so we may assume γ = 0.
A symmetric argument shows that we may also assume that δ = 0. Finally, if ǫ 6= 0, then
Lemma 2.1(iii) yields

[c, a, a, b, b] = [b, c, a, a, b][b, a, a, c, b] = [c, b, a, a, b] = 1,

and similarly if ζ 6= 0.
If p = 5, then [c, a, b, b, a] = [c, a, a, b, b] and [c, a, b, a, b] = [c, a, a, b, b]3 by Lemma

2.2(iii) and (v). Then, if γ 6= 0, we must have, on the one hand,

[c, a, a, b, b]3 = [c, a, b, a, b] = [c, b, a, a, b]−δγ−1
= [c, a, a, b, b]−δγ−1

,

so that −δγ−1 = 3. On the other hand,

[c, b, a, b, a] = [c, a, b, a, b] = [c, b, a, a, b]−δγ−1
= [c, a, b, b, a]−δγ−1

= [c, b, a, b, a](−δγ−1 )2 ,

so that (−δγ−1)2 = 1, a contradiction. Hence γ = 0, and similarly we have δ = 0 as well.
Finally, if ǫ 6= 0, then we have by Lemma 2.1(iii)

[c, a, a, b, b] = [b, c, a, a, b]−3[b, a, a, c, b]−3 = [c, b, a, a, b]3 = [c, a, a, b, b]3.

Therefore [c, a, a, b, b] = 1, and similarly if ζ 6= 0, so the claim follows.
Now, for every a, b, c, d ∈ G we have

1 = [a, bc, bc, d, d] = [a, b, c, d, d][a, c, b, d, d],

so that [a, b, c, d, d] = [c, a, b, d, d]. The Hall-Witt identity thus gives

1 = [a, b, c, d, d][c, a, b, d, d][b, c, a, d, d] = [a, b, c, d, d]3,

and then [a, b, c, d, d] = 1.
If p = 5, then we apply Lemma 2.1(iv) twice, so that we obtain [a, d, d, b, c] = 1 for

every a, b, c, d ∈ G. Applying again the same argument, we conclude that [a, b, c, d, e] = 1
for every a, b, c, d, e ∈ G, as desired.

For the case p = 2, observe that for every a, b, c, d, e ∈ G we have

1 = [a, b, c, de, de] = [a, b, c, d, e][a, b, c, e, d],

so that [a, b, c, d, e] = [a, b, c, e, d]. The Hall-Witt now identity gives

1 = [a, b, c, d, e][d, e, [a, b, c]][e, [a, b, c], d] = [d, e, [a, b, c]],

and hence [G′, γ3(G)] = 1. Thus, by the three subgroup lemma, it follows that

[G′, G′, G] ≤ [G′, G,G′][G,G′, G′] = [γ3(G), G′] = 1,

and therefore, [a, b, c, d, e] = [a, b, d, c, e] for every a, b, c, d, e ∈ G. In particular, this shows
that

[a, b, c, c, d] = [a, b, c, d, c] = [a, b, d, c, c] = 1

for every a, b, c, d ∈ G.
We now show that [a, b, b, c, d] = 1 for every a, b, c, d ∈ G. Fix a, b, c, d ∈ G. By Lemma

2.1(iii), since [c, a, b, b, d] = 1, we obtain [a, b, b, c, d] = [c, b, b, a, d]. Thus, we deduce that

(9) [a, b, b, c, d] = [a, b, c, b, d] = [a, b, d, b, c] = [c, b, b, a, d] = [c, b, d, b, a] = [d, b, b, a, c].
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Let

H = 〈[a, b, b], [a, b, c], [a, b, d], [c, b, b], [c, b, d], [d, b, b]〉.

If H ≤ Z2(G) then [a, b, b, c, d] = 1, so assume H 6≤ Z2(G). Note that γ3(G)2 ≤ Z2(G), so
since G is powerful of rank 5, there must exist α, β, γ, δ, ǫ, ζ ∈ {0, 1}, not all 0, such that

[a, b, b]α[a, b, c]β [a, b, d]γ [c, b, b]δ [c, b, d]ǫ[d, b, b]ζ ≡ 1 (mod Z2(G)).

Now, if α 6= 0, then we have

[a, b, b] ≡ [a, b, c]β [a, b, d]γ [c, b, b]δ [c, b, d]ǫ[d, b, b]ζ (mod Z2(G)),

and substituting it in [a, b, b, c, d], we obtain [a, b, b, c, d] = 1. If any of the β, γ, δ, ǫ, ζ is
non-zero, then, in view of (9), the same argument applies. Therefore, [a, b, b, c, d] = 1 for
any a, b, c, d ∈ G, as we wanted.

Now, 1 = [a, bc, bc, d, e] = [a, b, c, d, e][a, c, b, d, e], or in other words, [a, b, c, d, e] =
[a, c, b, d, e] for any a, b, c, d, e ∈ G. The Hall-Witt identity hence gives

1 = [a, b, c, d, e][b, c, a, d, e][c, a, b, d, e] = [a, b, c, d, e]3 = [a, b, c, d, e],

and the result follows. �

Finally, in Theorem 5.5 and Theorem 5.7 below, we show that, in general, γ6(G) = 1
and that γ5(G) may be non-trivial if the rank of G exceeds 5. This will prove Theorem
1.3(vi) and we will thus conclude the proof of our main result.

Theorem 5.5. Let G be a powerful 3-Engel p-group. Then, γ6(G) = 1.

Proof. Since γ5(G)20 = 1 by Theorem 5.1, it follows that γ5(G) = 1 if p 6∈ {2, 5} and,
since G is powerful, that

γ6(G) = [γ5(G), G] ≤ γ5(G)2p = 1

if p = 2 or 5. �

Lemma 5.6. Let G be a finite p-group of nilpotency class c ≤ pi, where i ≥ 1. If p is

odd, then Gpi is powerful, and if p = 2, then G2i+1
is powerful.

Proof. Let p be odd. By the Hall-Petresco identity we have

[xp
i

, yp
i

] = [xp
i

, y]p
i

c
(p

i

2 )
2 · · · c

( pi

pi−1
)

pi−1
cpi ,

where cj ∈ γj(〈[x
pi , y], y〉) ≤ Gpi∩γj+1(G) for j = 2, . . . , p. In particular, cpi ∈ γpi+1(G) =

1, so that [Gpi , Gpi ] ≤ (Gpi)p. For p = 2 the proof follows similarly since 4|
(

2i+1

j

)

for every

2 ≤ j ≤ 2i − 1. �

Theorem 5.7. For p ∈ {2, 5}, there exists a powerful 3-Engel p-group where γ5(G) 6= 1.

Proof. To aid the reader we will first construct an analogous Lie ring example and then
guided by the Mal’cev correspondence, between Lie algebras over Q and Q-powered
groups, we will produce the group we want in an analogous way.

Let F = 〈a, b, c〉Q be the free Q-Lie algebra on 3-generators. Let I be the ideal of F
Q-generated by:

• All commutators in {a, b, c} of length 6.
• All commutators in {a, b, c} with 2 entries in a.
• All commutators in {a, b, c} with 3 entries in b.
• All commutators in {a, b, c} with 3 entries in c.
• All commutators in {b, c} with 2 entries in b and 2 entries in c.
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We first consider the case when p = 5. With some abuse of notation, write L = F/I =
〈a, b, c〉Q, and note that γ6(L) = 1. Notice that the Q-algebra L has basis a, b, c, [a, b],
[a, c], [b, c], [a, b, b], [a, b, c], [a, c, b], [a, c, c], [b, c, c], [c, b, b], [a, b, b, c], [a, b, c, b], [a, c, b, b],
[a, c, c, b], [a, c, b, c], [a, b, c, c], [a, b, b, c, c], [a, b, c, b, c], [a, b, c, c, b], [a, c, c, b, b], [a, c, b, c, b],
[a, c, b, b, c]. Therefore dimQ(L) = 24 and dimQ(γ5(L)) = 6. Now consider the Lie subring
of L generated by 1

pa,
1
pb and 1

pc, M = 〈1pa,
1
pb,

1
pc〉Z, and define K = pM ⊆ L. Then

[K,K] = [pM, pM ] = p2[M,M ] ≤ p2M = pK,

so that R = K/p5K is a powerful p-Lie ring. Moreover, 〈a, b, c〉Z ≤ K, so the nilpotency
class of K is 5. Also in this case, we have dimZ(K) = 24 and dimZ(γ5(K)) = 6. The
Z-basis consists of the following elements: a, b, c, d1 = 1

p [a, b], d2 = 1
p [a, c], d3 = 1

p [b, c],

e1 = 1
p2
[a, b, b], e2 = 1

p2
[a, b, c], e3 = 1

p2
[a, c, b], e4 = 1

p2
[a, c, c], e5 = 1

p2
[b, c, c], e6 =

1
p2
[c, b, b], f1 = 1

p3
[a, b, b, c], f2 = 1

p3
[a, b, c, b], f3 = 1

p3
[a, c, b, b], f4 = 1

p3
[a, c, c, b], f5 =

1
p3
[a, c, b, c], f6 = 1

p3
[a, b, c, c], g1 = 1

p4
[a, b, b, c, c], g2 = 1

p4
[a, b, c, b, c], g3 = 1

p4
[a, b, c, c, b],

g4 =
1
p4
[a, c, c, b, b], g5 =

1
p4
[a, c, b, c, b], g6 =

1
p4
[a, c, b, b, c].

Notice that γ5(K)∩p5K = pγ5(K) and thus R = K/p5K is nilpotent of class 5 and also
has dimension 24 as an abelian p-group. Now consider the verbal ideal J of K generated
by the word [x, y, y, y] and p5x. As p > 3, J is also generated by p5x and the multilinear
word

∑

σ∈S3

[x, yσ(1), yσ(2), yσ(3)].

It follows that J is a multigraded ideal in a, b, c, d1, d2, d3, e1, . . . , e6, f1, . . . , f6, g1, . . . , g6.
Note that e1, . . . , e6, f1, . . . , f6, g1, . . . , g6 are in the third center and that the only multi-

homogeneous components that are non-trivial (and not involving only a, b, c) are those in
{b, c, c, d1}, {b, b, c, d2}, {a, b, c, d3}. We consider first the two of these.

It is easy to see and well known [3], that the relators for these multi-homogeneous
components are generated by

1

p
[a, b, b, c, c] = [d1, b, c, c] = 2[d1, c, b, c] =

2

p
[a, b, c, b, c];(10)

1

p
[a, b, c, c, b] = [d1, c, c, b] = −3[d1, c, b, c] = −

3

p
[a, b, c, b, c];(11)

1

p
[a, c, c, b, b] = [d2, c, b, b] = 2[d2, b, c, b] =

2

p
[a, c, b, c, b];(12)

1

p
[a, c, b, b, c] = [d2, b, b, c] = −3[d2, b, c, b] = −

3

p
[a, c, b, c, b].(13)

We also know from [3] that the weight 5 relators that are consequences of the 3-Engel
identity involving only a, b, c are

[a, b, c, b, c] = 3[a, b, b, c, c];

[a, b, c, c, b] = −4[a, b, b, c, c];

[a, c, b, c, b] = 3[a, b, b, c, c];

[a, c, b, b, c] = −4[a, b, b, c, c];

[a, c, c, b, b] = [a, b, b, c, c];

p[a, b, b, c, c] = 0.(14)

Finally we consider (a, b, c, d3). The 3-Engel relations reduce to

0 = [a, d3, b, c] + [a, d3, c, b] + [a, b, d3, c] + [a, c, d3, b] + [a, b, c, d3] + [a, c, b, d3];

0 = [d3, a, b, c] + [d3, a, c, b] + [d3, b, a, c] + [d3, b, c, a] + [d3, c, a, b] + [d3, c, b, a].
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From the first equation we get (using (10)-(13))

0 =
1

p
[a, [b, c], b, c]] +

1

p
[a, [b, c], c, b] +

1

p
[a, b, [b, c], c] +

1

p
[a, c, [b, c], b] +

1

p
[a, b, c, [b, c]] +

1

p
[a, c, b, [b, c]]

=
1

p
[a, b, c, b, c] −

1

p
[a, c, b, b, c] +

1

p
[a, b, c, c, b] −

1

p
[a, c, b, c, b] +

1

p
[a, b, b, c, c] −

1

p
[a, b, c, b, c]

+
1

p
[a, c, b, c, b] −

1

p
[a, c, c, b, b] +

1

p
[a, b, c, b, c] −

1

p
[a, b, c, c, b] +

1

p
[a, c, b, b, c] −

1

p
[a, c, b, c, b]

=
3

p
[a, b, c, b, c] −

3

p
[a, c, b, c, b].

This gives us

(15)
1

p
[a, b, c, b, c] =

1

p
[a, c, b, c, b].

Notice also that (14) is compatible with and a consequence of p5x = 0, as p[a, b, b, c, c] =
p5g1. It follows from this analysis that inK/J we have that g2 is of order p

5 and in particu-

lar 0 6= p4ḡ2 = [a, b, c, b, c]. Hence K/J is a 3-Engel powerful Lie ring of nilpotency class 5.

We now want to construct an analogous group theory example. Unfortunately we cannot
use the Mal’cev correspondence directly but guided by our Lie ring example above we
can imitate the process. We start with a Q-powered group F ∗ = 〈a, b, c〉Q corresponding
to our Lie algebra F and we let I∗ be the normal Q-subgroup generated by:

• All commutators in {a, b, c} of length 6.
• All commutators in {a, b, c} of length 5 with 2 entries in a.
• All commutators in {a, b, c} with 3 entries in b.
• All commutators in {a, b, c} with 3 entries in c.
• All commutators in {b, c} with 2 entries in b and 2 entries in c.

Let L∗ = F ∗/I∗ and consider the subgroup M∗ = 〈a1/p, b1/p, c1/p〉. Then let K∗ = (M∗)p.
By Lemma 5.6 we know that [K∗,K∗] ≤ (K∗)p. Notice that K∗ is a torsion-free group
that is nilpotent of class 5 and thus a residually finite p-group. Pick l large enough so

that [a, b, b, c, c] 6∈ (K∗)p
l

. In particular R∗ = K∗/(K∗)p
l

is nilpotent of class 5. We now

consider the verbal subgroup J∗ generated by xp
l

and [y, x, x, x]. As p > 3, J is also

generated by xp
5
and the “multi linear word”

∏

σ∈S3

[x, yσ(1), yσ(2), yσ(3)].

Observe that R∗ is generated by a, b, c, d1 = [a1/p, b1/p]p, d2 = [a1/p, c1/p]p and d3 =
[b1/p, c1/p]p and γ3(K

∗). As γ3(K
∗) ≤ Z3(K

∗), one sees for similar reasons as in the Lie
ring case, that one only needs to consider the Engel relation of multi-weight in {b, c, c, d1},
{b, b, c, d2}, {a, b, c, d3}, as well as those that hold in 〈a, b, c〉. Similar calculations as for
the Lie ring case show that we get the following defining relations for J∗ (together with

xp
l
= 1 using [3])

[a, b, b, c, c]1/p = [a, b, c, b, c]2/p ;

[a, b, c, c, b]1/p = [a, b, c, b, c]−3/p;

[a, c, c, b, b]1/p = [a, c, b, c, b]2/p ;

[a, c, b, b, c]1/p = −[a, c, b, c, b]−3/p;

[a, b, c, b, c]1/p = [a, c, b, c, b]1/p ;

[a, c, b, c, b]5 = 1.
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Thus the group K∗/J∗ is a powerful 3-Engel 5-group that is nilpotent of class 5.

We now turn to the case p = 2. We let q = 16. As the approach is very similar, we
only outline the proof. For the Lie ring case, we start with the same F and I. Now
consider the Lie subring of L generated by 1

16a,
1
16b and 1

16c, M = 〈 1
16a,

1
16b,

1
16c〉Z, and

define K = 16M ⊆ L. This has basis a, b, c, d1 = 1
q [a, b], d2 = 1

q [a, c], d3 = 1
q [b, c],

e1 = 1
q2
[a, b, b], e2 = 1

q2
[a, b, c], e3 = 1

q2
[a, c, b], e4 = 1

q2
[a, c, c], e5 = 1

q2
[b, c, c], e6 =

1
q2
[c, b, b], f1 = 1

q3
[a, b, b, c], f2 = 1

q3
[a, b, c, b], f3 = 1

q3
[a, c, b, b], f4 = 1

q3
[a, c, c, b], f5 =

1
q3
[a, c, b, c], f6 = 1

q3
[a, c, b, b], g1 = 1

q4
[a, b, b, c, c], g2 = 1

q4
[a, b, c, b, c], g3 = 1

q4
[a, b, c, c, b],

g4 =
1
q4
[a, c, c, b, b], g5 =

1
q4
[a, c, b, c, b], g6 =

1
q4
[a, c, b, b, c].

Notice that γ5(K) ∩ 4q4K = 4γ5(K) and thus R = K/4q4K is nilpotent of class 5 and
also has dimension 24 as an abelian 2-group. Then

[K,K] = [qM, qM ] = q2[M,M ] ≤ 4 · qM = 4K,

so that R = K/4q4K is a powerful 2-Lie ring that also has rank 24 as an abelian 2-
group. Now consider the verbal ideal J of K generated by the words q5x and [y, x, x, x].
Things are slightly more complicated here in that the ideal J is not multi-graded. It is
though graded with respect to total weight of the generators. More precisely the identity
[y, x, x, x] = 0 is equivalent to saying that the following hold for all x, y, z, x1, x2, x3 from
the generating set above.

[y, x, x, x] = 0;

[y, z, x, x] + [y, x, z, x] + [y, x, x, z] + [y, x, z, z] + [y, z, x, z] + [y, z, z, x] = 0;(16)
∑

σ∈S3

[y, xσ(1), xσ(2), xσ(3)] = 0.(17)

Note that again e1, . . . , e6, f1, . . . , f6, g1, . . . , g6 are in the third center and that the only
homogeneous components that are not consequences of the 3-Engel identity involving only
a, b, c are those using (16) for (b, c, d1), (b, c, d2), and (17) for (a, b, c, d3). We know already
from [3] that without those identities the algebra would be nilpotent of class 5. As in the
p = 5 case these additional identities are compatible with this and we can conclude that
the class remains 5. The group situation works then similarly as before. �

Finally, we summarize the results obtained in the last two sections.

Proof of Theorem 1.3. Parts (i) and (iii) follow from Theorem 4.4, and these bounds are
best possible since every group of nilpotency class 3 is always 3-Engel. Part (ii) follows
from Theorem 5.1, and this upper bound is best possible by Examples 5.2 and 5.3. Part
(iv) follows from Theorem 4.5, and this upper bound is best possible by Example 3.5.
Part (v) follows from Theorem 5.4, and this upper bound is best possible by Examples
3.5 and 5.3. Part (vi) follows from Theorem 5.5 and Theorem 5.7. �
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